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Nonlinear Dynamics Analysis of a Multi-DOF Gear System

CHENG Ou, GOU JXiang-feng

( School of Mechatronic Engineering, Lanzhou Jiaotong University, Lanzhou 730070, China )

Abstract : A three-DOF multi-gap coupled vibration model of a gear system was established considering the nonlinear
properties such as time-varying meshing stiffness, backlash and bearing longitudinal response factors. Then, the system state
equation was solved by using 4-5 order Runge-Kutta integration method with variable step size. The bifurcation diagrams,
phase portraits and Poincaré maps which describe the system vibration displacement with the change of excitation frequency
under different supporting damping and stiffness were obtained. According to the analysis of the displacement-time map of
the system, it was concluded that the system is more stable with larger supporting damping and large stiffness. The
bifurcation diagram of the system against frequency variation was plotted based on the reasonable selection of the
parameters. The Hopf bifurcation, torus tumble bifurcation and chaos phenomena of the system under different excitation

frequencies were discussed based on the phase diagrams and Poincaré maps.

Key words : vibration and wave ; nonlinear dynamics ; gear system ; multi-gap coupling ; bifurcation

WA R & PPN A I LB R 4 v S 85 (1)
B M B AR B, ) AT N AR R ) 5
LA EER R, R E LR % & 5 A B
AL, ERRAESI RS, T A PR 2R 6
22 (I AR ] FEE A S K 8] B A5 R 3R IO AFAE , S Bk #e 4%
MAEGHN— N mIEL R G . ENIMEEENR
RGWALMES) 7T TIRZ K. A
Kahraman Fl1R. Singh "7 JEFR AR 147 1) [R] B 2k
A IS AN AR 1A W - D1 52 A A 0] T B 45 IR 3%, I AE 4
B — AR R A A eV A 2 R BSOS S — A 3
HHEKRERAMAELMEZ 1B, 25 A.

ks BHR:2015—04—20

HEEME : BHX QAR IEEH (51365025)

eI FEEK(1988—), 53, DU 1145 e BL N, LA 5 28
W7 A s AR 2B )1 %
E-mail: 516804076(@qq.com

Kahraman P30 857 1 A5 AR K 3 B HHEE 3 [A] BRI
WA RGETY AR AE SCHR[ 1] )RR Al B 2% 08 1 I
AR A WL, K R T 22 TR BRI U5 56 RGE K HE 2 5)
J15E . Cai-Wan Chang-jian 55 © 7 & i AR G &
NIFER R Bl B AT 7 e R h S ARt &
HATC AR A SRS AL, B FH 43 T 4E 50 7y 20 1R 45
TrE N E WX A . Parey 55 P25 & R S 46 1 B
W, BT N6 B HEE 3 J1 E AL iR
(A 2% 18 1 RELJE Isf AR w5 DI ) 5 48 Sl A 1 PR 3
AR RN B TS5 5] B 1) N 8RN . Woohyung
Kim & %5 [8 5 £ @I - #2123, 58— A7 10 5
Pk R ARG, P 1A 56 1) O PR IS
[ ARAL, A7 T — Nk 2 B R EA R RS
[R5 i A =cy it PR SR VARC < A 1 T R e
W A T B S5 AR 2 Ve R R 1 B i A 8 R
B 1Y 1) Poincaré B . F = RS RS 1A
B —HARSRN 3 B HEZZ RSN



32 Mo

5 Ik

il #3545

RGARBNBAY , IR BUE 7 06 IR A T FE AT R
i, 45 & RS AH ] Poincaré 28 1T 1) A s 8] 7 A2
ST R GBI 1 . T RS DIE AT RE
AT ) 52 B 28 15 2 D L 2 4 T 45 100 25 R il 7 20 1)
W RLI , B2 T 3 H R E R RIME S REH
HIEIRBN AR LR B Sy F 8 . My & VORI
IR P v 2 BT A A A1) R T it ) B D e 1
RS R g — TR R T RE D
7R BELJE A A SRl W B R R G iR AR 1 ) R
W A7 A5 VAL T R AR A NI RN 22 UG (R]
BRag R LR MR R 210 8 H B i fe AR Lk M B ) A
R, R 2 (B R G EMD ATHMM 7 A U
BMBEIT TIEW R AT . AR R AE IS T A
PERRE e U Fe IR B A , S U 7 0 M T A
FZ o0 KRG sh )1 . BE S 255 E
JRE AT TH T L B A i 5 I FBE ) PR A AR LR PR TR R
R, VN RAS —H— M —EMEN 2 H
B RES) ) 2 A5
IR SR 1 2R Gt 1 SR TR R AN S AR IR
(I HTAR /D 3 HAN ATl o ASSCEESE T 3 HHHE £ 1]
BRUTEC RO G IR BN BT , I LB A A I N &2
F B RGO AR RN R ALAS , R HOE
TR AR (1) R GEsh SRR AT I 9T
1 NWERB5EHNSFAIE
B 1R~ N3 B B ERGLRAE S RGN )
SRR, A RIS 2 IR N m, i
my > Fe LR L BN E NSRS R T,
AT, 439 F  INBhEe B A F, 4y 3R AE
FAAE 3 sl b Ao S #e M VEF 1o 5 0, R 6, 43
SR E B LRI 5 ¢, R ¢, 203l N W A3
e EREHE REG kB, Ak, 5300008 3 B K
(1)-F- 350 S AW 5 e, AT K, (1) 0 Sl R e A ik A5 11 4D L
JB RBFIES B WG 5 NI BE 5 efr) NIRFELE AR ZE 5 y, A
v, SR E B R O RS 5y, N R G AL
k.
R R (R B0, A FE A 1B R 22 e(r) AV
N HLRE 3 30 51 RS AR AT M I8l -5 2500 e A5 5
Jity , T
T\=T,,+T,0) (1)
T,1)=T,, (2)
o 7,0 NEINIAE, T,0) NS, T, NI
AR 1, T, A R348, T,,0) i
NHFE AR IR 5o
FRAE 211 77 25 78 3 9 5 N D R 3 A4 A A 32

m 1.,

K1 3 [ HI B Rk 5o AL 3 RSB ) AR Y
RZE yy=r0,—1,0,+y,—y,—e , B3 HHERLH
W BRE A R A% 50 R G AR B IR ) T 7

m i ey e,y Tk f(y) k0 () = F,
m,¥, + ¢, ¥, e, ¥y +ky f(y,) + k(O f(vs)=F, (3)
m, s+ ¢,y +k, () f(yy) = F, —m,é{)

x(t)=1,0,() = r,0,0),m, = 1/(r]2/]] + r;/lz)

Fm:Tl/rlzTZ/rZ

k,@)=k,t+2m/w)=k,, + ik,m_’rcos(ra)t +¢,,)
Horbt k(1) ARG S NIFE , s AR T
by NTIIME S RIEE Sk, (r=1,2,3,-,00) &1 i
FERE ¢, r=1,2,3,-,0) AX NN A, o
RES A BN — A AR
2 XM O FEFES R

W22 3) Fe IR T R4 @)

X, =%,

%y = =1 = 28,,%, = 24 1356 = ke fi (%) = 5 (0) £ ()

x;l =[5 = 2 0%, + 205556 = by [ (063) + Ky (1) £ (%5) “)
x; =f, +fw’ cos(wt) +ik, =8, = 20506 — hay(0) £, (x5)

Forbray  ay s o 2000 RS BB ES B U Ak
RAGAX AL EN A8, x, « x, v g AR
AN R — G k()= k()= ka(0)/4
kyy(t)=1—& cos(wt) o V50Tl AR A ) (8] B FH 4 56 16
(AR 2R AL A2 2R E 50 30l

x,—D,,x,>D,
fi(x,)10 ,IxI<D, ;(i=1,2) (%)
x,—D,,x,<D,
xs—=D,xs>D
Silas)= s lvl<D (6)
s+ D, xs<D

AP D =1,2) NEN —HKE, D NEN—
B



6

% A N RS )2 0T 33

53 BT [ S AR A S ] R S 7 I B 5 AR 4R 1
DRI 25 0] A 6 R GE 520, >R FH AR 8 K 4~5 B Runge-
Kutta ¥£%] i 503l 11 50IR S 7 R AT BB SR . ik
WZHH

fi=£,=0.15.£,,={,,=0.0125 £, =0.1,/=0.05,

(=0.05.¢,=¢,,=0.01,D=1. 437K A [
SCRNIE RE BN D =D, =08, ky, =k, =1.25fl
D,=D,=0.2,k, =k, =15 KRG — I B BG
P4 P 2 s o

FENL# — IS [A] BRAR B vh R Al Dy e B I 1] ¢
PGS A @ , AR X 5 U 5 LR R 5)
RERE B RN o I 67 7 — B [8] B AR T BA53 B 4 THT
FEshE . B2 a5, REMAEERNIE, Y
REBHREREMEGILS . B2 BEET
WAk, RGN R I T /NG Bl A R, IF AL
1E @ =1.5 i i H5% A7 7% (4B 22 b /N T (A1 B, Ul
BITE VTR A I AR R T ims SIS, R4t
A E . B 2(b) A EE )AL, R G LA
BUAEIR R, 7E 0= 1.5 ML R B8
AR /N T RIBRAE , U B E MG S R nT R K
AT IR . H ] 2(a) (b) 6 B 23 B AT R 24 5
(1) B ES2 /N T S A NI FE AR ) 22 40 S AR E

L IR AT 45 AT BT R SR SO TR B

3

N
W

AEE I

AN

SR N MA N N

W—I5 % /o
(3]

4

=
E==N

—_

W

0.5

—

0 50 100
(a) AT [H)/s

B/ S 7 A K N B A S, 3 T 4 R A 1Y
3K TR RR A SZ K W R, Bl D =D,=02 ,
ky =ky,=1.5 , I H R G ARA 50 7 B
K3 FTm o

N DI R G AE AR AR A R3] ) 2
FEVE, B 495 T 7R A A0 23 U Ak 2 4 1A AN
Poincaré WLAF B . 47T LIER], Y 0 =095, &
S A B N 4% A 4 i 28, Poincaré LS O — A A,
RGN T R 123K 4(). X 0=0.89 I, &
5 A 1 12 s 546 2 75 8 B A 2 32 31, Poincaré B
BEN 2 AN EEUE (L E 4(b)). 24 w=0.875 1, R4
HH JE B 2 32 8042 25 Hopf 73 7, , Poincaré Bl 5 &2 2 4
Hopf "% 51 AS25 BBl (WL 4(c)). 24 w=0.835 I}, &2 4:
V& i iz 5h 1B b N Hopf iz 3 (WL I 4(d)). 4
0=0.822 [, R 4t ¥R E 3 A AR E 1 W 612
3)), Poincaré B 9 6 N B (WL B 4 e). BG4
RN, R G UCH B W2 st NI Z5) . 4
w=0.791 I, &4t~ #1218 3)) , Poincaré Mt 5} K
P B HE (L 4(0). 4 0=0.776 I, R4t A
2IEENEAL S 75 N A 1 43850, Poincaré W5t & A 4
MNEHUE L 4(). X4 0=0.765 I, R %A
BRI IRIZE B , Poincaré i i &y B 43 T 45
A TR S A (UL T 4(h)) ot 5 50056 (1) 4 S8 k), 7

3 15
B THE 1
L AN
NN

—_—

0 50 100
(b) B4 —t1a/s

K2 Srfs—Inf amfi &l

(=) — =
o0 —_ [N} EN

R (b,

o
)

N
N

06 07 08 09 1
() BN — /o
(a) JR koY 7 &

Bk,

0.71 0.72 0.73 0.74 0.75 0.76
(b) BN —HF/o

(b) JE o3 7

3 RGinHK



=

=

SR 35%

612 5)), Poincaré B & N 6 N B HUS (L 4(1). 24
w=0.65, KRG X BREZHEANEI1 iz
51, AH B N 526 T & AR 3 B 28, Poincaré WS B N —

34 5 &
0.71 <w<0.76 I}, 2% 2 W KA 30 FLA 55405
M w=0.754 B, R G R AL SR VR
NEEER R IIZE), Y 0=0.7525 I, RS R

%

o AR e B B A 3 12 30, Poincaré WL 5 KR 3 AN B B M OLE 4 m).
BB 4G). M 0=0.750 11, R 50 b1 fase 1 & 1 4t E
3 Z5 15

3B AN 7 ke g K JE 1 6 32 311 , Poincaré LS
B h 6 N EEUS (L 43G). 4 0=0.73 1, R4t
TRHIZ 5 , Poincare B B B 43 T 45 14 (1) B B
HOLE4K). 2 0=0.7197 B, RGN Fa5E 1 B

AR SO TR B AT S AR I A 3 E0ATFE R G iR 3l
¥ 2 PR 3, th A7 I A8 A% Bl R G B THIN ST (1 22
RZ o AEIN T 3HMELZ AL ARGME

0.08 - R 0.08 02 02 -
/ N
004 -/ L 2004 w01r TN £ 01f
i / = B / / N =
| / 1
fﬁ 0+ ‘ f?ﬁ 0+ +?g or (( ; *’?ﬁ 0
= - ks /-
o004 -\ /) ®.o04f Woo1r N\ A LR
N . //,// 7>—1
~0.08 I i 8 ! -0.08 ! | I | 0.2 1 ! ! | 0.2 | ! |
1 1.041.08 1.121.16 1.2 1 1.041.08 1.121.16 1.2 09 1 1.1 1.2 1.3 09 1 1.1 1.2. 13
B A /x, BN /x, BN AL x, BN AL /x,
(@) w=0.95 B 1748 I FH Poincaré BT ] (b) =0.89 I [FI4H Al Poincaré B it [&]
0.3 - 03 - 04 - -
020 02 02 i
201 200 - =
i i oo R
g g °F ° =
I I I | L
0.1} 0.1+ =02
02 e SRR} ) S 04 gl -
09 1 1.1 1.2. 13 09 1 1.1 1.2 1.3 06 0.8 1 12 14 06 0.8 1 12 14
B — (R, B — (R, B — (R, B — (R,
(c) w=0.875 I FIAH K F1 Poincaré it i 14 (d) w=0.835 It frIAH B Fil Poincaré WG
04 - - 04 - 04 -
pra
& 02 - - =02 S TN = 02
= £ / A A
® ol L ool | () | ® oot
| | \\U | |
= =y N & // =
ool n E o N/ # gL
_04 s | L 1 L | _04 s | . 1 | -04 L L L | -04 1 1 L |
0.6 0.8 1 1.2 14 0.6 0.8 1 1.2 14 0.6 0.8 1 1.2 1.4 06 0.8 1 1.2 1.4
B — (R, B — (R, B (R, R (R,
(e) w=0.822 W AH B F Poincaré W4T 5] (D) @=0.791 I} [RIAH A Poincaré LS 4]
04 - . 0.6 - 0.6
02 i 04T 04
i " L =
% ol 7 2 02 B o2
= = 0r J@\ 0 oty
i) L g i i} %
~0:2 02+ -0.2 5
-0.4 ‘ ‘ ‘ ‘ -04 ‘ -0.4 ; ‘
0.6 0.8 1 1.2 14 0.6 0.8 1 1.2 14 040608 1 121416 0.4 0.8 1.2 1.6

B,

B,

(8) »=0.776 I FIHH &I F1 Poincaré 55 4]

RR— (b,

%?ﬂ*ﬁ%/xs

(h) w=0.765 I} FIAH A Poincaré Bt 4]



3 6 1] Z H W RGBS 150 35
0.4 e 04 0.4 04
TN ,
w02 /S N\ g02f w02 w021
% A : = %
Roor [ T ) ] F of 7o Toor
5 4\ / / & ® g7 )
LR N/ ®oar B 02 B 0.2
X ,
_04 1 1 1 | _04 L L 1 | _04 L 1 | _04 L | L L 1 L |
04 06 08 1 12 14 04 06 08 1 12 1.4 04 06 08 1 12 14 04 06 08 1 12 14
BBk, B RRx, R BB/, R Rk,
(i) w=0.7525 B [1¥)AH B A Poincaré B ] () @=0.7501 B (13 4H I FH Poincaré B S ]
0.6 -~ 0.2 - 0.6 0.28 -
041 . .04 024 -
= air Ocl 2 .
& 027 o B 02 2 02
= 02 - % = O0r = 0.16 j
il ) ] -0.1 il il
04 : 02} 0.12 -
41 i
-0.6 -0.2 . . . | -04 0.08 T ! !
0406 08 1 12141.6 04 0.6 038 1 12 040608 1 12141.6 07 0.8 09 1 1.1

HAR— R,

(k) »=0.73 B (}AHE F1 Poincaré B ]

AR — (R,

0.08 - o
,"/ ‘\\\
yd RN
»°0.04 / |
xS / \
j 0~ L |
= \ /
g L\ /
-0.04 \\ /
[ N d
-0.08 T

1 1.05 1.1 1.15 1.2 1.25
BB,

P — R /x, B — R/,

() @=0.7197 B [1AH K F Poincaré B

0.08 -

&

(=}

X
T

(=]
T

M /x,

=%
H

-0.04 -

| E——

1 1.05 1.1 1.15 1.2 1.25
B b,

—_

-0.08

(m) =0.65 I FAH EF Poincaré M5
Bl 4 R %uAH E K Poincaré Wi 4]

PR, K H A8 2 K 4—5 B Runge-Kutta 75 X %
GUIRAS 7 FEEAT BB SR M, JF 0 2 45 1) B e T
AR it T A AR A

(1) T N kR, RG s RAER AL
T B IR, 214 K TR B2 /N T S A I BE SR I &R 4t
(PR A F AR A AS A AR B 2, T B A L T U5 e
RS SuN b I

(2) 145 B 00 S AR D) SR S AR DI 2 e et A
SIMTER Y, RGAEA R A2~ 2 & 42 Hopf 73
A T AR R A AR I S

BfF a8 SR T AR SEBR A R T e #6521 Y
W 56 2 BUE R ORAIE R R AL B R A E TR AN ek A F8 AE
—ERTFM4 T b ARSI AR — 2 Mg S
& 3Tk
[1]

Kahraman A, Singh R. Non-linear dynamics of a geared

rotor-bearing system with multiple clearances[J]. Journal

(2]

(3]

(4]

(3]

of Sound and Vibration, 1991, 144(3): 469-506.
Kahraman A, Blankenship G W. Interactions between
commensurate parametric and forcing excitations in a
system with clearance[J]. Journal of Sound and
Vibration, 1996, 194(3): 317-336.

Chang- Jian C W. Strong nonlinearity analysis for gear-
bearing system under nonlinear suspension—bifurcation
and chaos[J]. Real World
Applications, 2010, 11(3): 1760-1774.

Chang- Jian C W, Chang S M.Bifurcation and chaos

Nonlinear Analysis:

analysis of spur gear pair with and without nonlinear
suspension[J]. Nonlinear Analysis, 2011, 12(2): 979-989.
Parey A, El Badaoui M, Guillet F, et al. Dynamic
modelling of spur gear pair and application of empirical
mode decomposition- based statistical analysis for early
detection of localized tooth defect[J]. Journal of Sound
and Vibration, 2006, 294(3): 547-561.

(4528 64 51)



